Abstract
I. INTRODUCTION
The main undisputed highlight of Run 1 of the Large Hadron Collider (LHC) at CERN [1, 2] is the discovery of the Standard Model (SM) Higgs boson and the measured signal strengths are quite agree according to the predictions in its several production and decay channels of the discovered particle [3, 4] . The mass of the Higgs signal is found to be equal to 126 GeV, which not only confirm the Higgs mechanism [5] [6] [7] as a right approach towards giving masses to the electroweak particles and gauge bosons, but also put a question of possibility of existence of further Higgs bosons, which is still not clear at all wether the Higgs sector is indeed minimal, containing only a single Higgs doublet. One of the straight forward way to address such questions is simply to go beyond the SM by adding second Higgs doublet to the field content of model. A particularly well-motivated possibility along these lines is the Minimal Supersymmetric Standard Model (MSSM) [8] . But another, simpler,one is just the general (unconstrained) Two-Higgs-Doublet Model (2HDM) [9] . The general h0, is the SM-like Higgs boson and is the candidate for the signal observed at LHC. There are many motivations for 2HDMs but the best known motivation are from Supersymmetry [10] , axion models [11] and that the SM is unable [12] to generate a barryon asymmetry of the universe of sufficient size. The Higgs sector of the SM is very predictive, with the Higgs mass being the only free parameter, and had been tested successfully at the LHC over some specific theoretically preferred mass ranges, where as MSSM has two free parameters m A ,tanβ. In contrast, due to the larger number of free parameters in the 2HDM, it will take much longer to probe the entire parameter space of the various models. So it can be easily pre-assumed the importance of 2HDM to use for building the structure of such a model that is more complicated than SM.
The purpose of this paper is to take into account all current constraints on the type-II CPconserving 2HDM parameter space to determine the allowed ranges of the triple and double Higgs couplings to estimate its corresponding cross-sections in order to prepare the ground for collider studies. Both of these processes are also a major source of charged Higgs boson. The charged Higgs bosons provide a unique signature of a theory beyond the SM due to their property of being electric charged which makes them different from the neutral SM Higgs boson in terms of their production, interaction and decay properties. Therefore they have been extensively searched during the last years at Tevatron (Fermilab), Large Electron-Positron Collider (LEP) and currently at Large Hadron Collider (LHC). The direct searches in LEPII set the lower limit on charged Higgs mass as m H± > 89 GeV for all tanβ values [13] , whereas the CDF [14] [15] [16] [17] and D0 [18] [19] [20] [21] experiments of Tevatron restrict the m H ± to be in the range m H ± > 80 GeV for 2 < tanβ < 30. The recent results from LHC exclude a large parameter space of the light charged Higgs (m H ± < 160 GeV) and heavy charged Higgs at tanβ > 50 [22, 23] . Therefore the constraints allow to chose m H ± in the range 160 < m H ± < 600 GeV or even beyond, to carry this analysis at tanβ = 10. Also we have to keep the theory in the perturbative regime, which entails that only values of tanβ in the approximate range 0.1 <tanβ < 60 are allowed.
Furthermore, a remarkable restrictions over charged Higgs masses comes from Flavour Changing Neutral Currents (FCNC) radiative B-meson decays, whose branching ratio BR(b → sγ) ≈ 3×10 −4 [24] is measured with sufficient precision that becomes sensitive to new physics. The charged Higgs contribution in above branching ratio increases with decrease in m H ± . This channel has been studied by BaBar and Belle collaborations [25, 26] in detail and the recent limit excludes charged Higgs lighter than 327 GeV at 95% C.L.
Similarly the present measured accuracy of BR (B s → µ + µ − ) indicates that the results from LHCb for SUSY and Higgs, a large part of SUSY parameter space is left unconstrained [27] . Therefore the chosen charged Higgs mass points in this paper are not sensitive to B s → µ + µ − constraints.
To observe the impact of CP-odd Higgs boson on the triple and double Higgs production cross sections, the mass point is chosen to be in the range 400 < m A < 600 GeV and also check explicitly that the these values respect the ∆ρ constraint at m 0 H = 300 GeV and tanβ = 10 [28] , where ∆ρ represents the deviations from 1 induced by pure quantum corrections. we must enforce that the additional quantum effects coming from 2HDM ought to satisfy the global fit to electroweak measurements requires ∆ρ to be O (10 −3 ) [29] . It is thus important to stay in a region of parameter space where this bound is respected. Therefore, the set of chosen mass points of CP-odd Higgs are m 0 A = 400, 500, 600 GeV and are consistent with Electroweak precision measurements. These m A values are also constrained to be relatively heavy due to limits on ∆ρ [30, 31] and are used in the whole paper.
Similarly regarding the neutral Higgs mass m 0 H , recently CMS and ATLAS experiment exclude a wide range of m H 0 of MSSM via H → τ τ channel at √ s = 8 TeV searches [32, 33] . It is found that the upper limit of tanβ at m H 0 = 300 GeV is set at tanβ = 10. Therefore m H 0 = 300 GeV at tanβ = 10 is assumed in this paper, as this is the highest tanβ achievable at m H 0 = 300 GeV.
The above mentioned study is intended to cover the unexplored parameter space in the 2HDM type II and is observed in the contest of future Muon collider operating at √ s = 1.5 TeV. The muon collider is expecting to get the integrated luminosity around 125 f b −1 at √ s = 1.5 TeV and
The free parameters of such a model are
in the general basis. The CP violation or Flavor Changing Neutral Currents (FCNC) are not assumed as they are naturally suppressed via the Natural Flavor Conservation (NFC) mechanism by imposing a Z 2 symmetry on the Lagrangian [37, 38] which leads to the following requirement,
In order to work in the allowed region of parameter space which is not yet excluded by current experiments, a small value of tan β = 10 is chosen for the whole paper. Furthermore we choose sin(β − α) = 1 which takes the region of study very close to MSSM parameter space. With the above setting, i.e., tan β = 10 and sin(β − α) = 1, free parameters can alternatively be taken as: surprisingly is paid less attention in 2HDM at µ + µ − collider. According to our knowledge, with accommodating all the recent constraints on masses of Higgs bosons both experimentally and phenomenologically have not been carried out at the linear colliders e.g., ILC, CLIC and confirmly not done at future muon collider. These kind of processes are strictly prohibited at the leading order in the the SM, so it can not proceed at tree level in SM. However at higher order it might produce but with extremely small cross-section ( 10 −9 pb) and corresponding small production rate. A rich literature exist on the one-loop calculation of cross-section for two Higgs final states including charged Higgs pair essentially in the MSSM [43] at e + e − . There has been also a number of studies performed in charged Higgs production at e + e colliders [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . However, none of the production processes lead to a more promising result than the charged Higgs pair production followed by a decay totb or τ ν.
It is important to note that other two Higgs identical neutral final states (
not proceed at tree level neither in the SM nor in the MSSM due to CP-conservation , even after loop correction very tiny cross sections of the order 10 −5 pb are obtained [55] which means couple of events per 100 f b −1 .
In Figure 3 we plot the total production cross-section σ(µµ → H + H − ) (in pb) as a function of 
IV. TRIPLE HIGGS PRODUCTION
The triple Higgs production has been studied in different papers in the context of linear colliders [61] , where radiative corrections to the triple Higgs coupling have been studied. The ratio of triple Higgs coupling in 2HDM to that in SM has been studied in detail in [62] taking into account the perturbativity requirements on λ i , vacuum stability and Higgs boson mass limits from direct and indirect searches. The production cross section of triple Higgs production at e + e collisions has been studied in [30, 31] . A similar study has also been performed in MSSM in [63] . The effect of triple Higgs coupling in the production of Higgs pairs in 2HDM has been discussed in [64] for different set of center of mass energies and integrated luminosities of a linear e + e collider. The effect of quantum corrections and triple Higgs self-interactions in the neutral
Higgs pair production in 2HDM as a function of tanβ and λ 5 is reported in in [65] .
The triple Higgs boson production processes under consideration are H + H − H 0 and H + H − h 0 in µ + µ − annihilations within the 2HDM type II with their corresponding trilinear Higgs bosons couplings given in the Eqns. 5 and 6 (Ref. [30] ).
In case when there is a very large mass difference between the charged Higgs and CP-odd neutral like and hence the expected cross-section remains rather small [41] . In our case, since the mass points chosen in this study of boths types of Higgs bosons are not so much different in some of the cases, so it would be interesting to study both of these processes logically. We wish to compute the cross-sections and want to compare with the corresponding MSSM values with same parameters defined in the previous section. As mentioned earlier that due to the low energy b → sγ constraint on the charged Higgs boson mass in type II models, we cannot keep the CP-odd mass M A 0 relatively light for these models. Since we left a very limited parameter space in 2HDM after recent excluded parameter space by LHC experiments so we can not simply take higher tanβ values for the cross-section enhancement as has been a usual practice and more natural.
In Figs we searched for the MSSM and 2HDM most optimal parameter space where the maximum allowed cross-section can be achieved. In Table I in addition to MSSM parameters the m H ± dependence is also checked explicitly with respecting all the current experimental and phenomenological constraints. The abbreviated name "NP" stands for "Not Possible", which means this kind of process at these parameters is not possible to produce at this center of mass energy, as the energy is not enough to meet the production threshold.
The MSSM cross-sections for both triple Higgs cases at most for leading processes are extremely does not contribute in the production cross section due to having zero coupling with charged
Higgs pair. Therefore we only take into account the electroweak and CP-even neutral Higgs bosons contribution. We separately calculate the amount of cross section even it is a very tiny which may be considerably become important probably after a long run of any one of these two colliders in future.
Whereas, the right diagram depicts a t-channel process which has negligibly small contribution at both e + e and µ + µ colliders due to the small Yukawa coupling between the charged Higgs and the leptons. The neutral Higgs contribution in the total cross section is very limited due to the fact that they are not considered to be so heavy in MSSM to be produced as a resonance while on both in MSSM and in 2HDM by respecting all the current experimental and phenomenological constraints on Higgs masses, requirement of perturbativity and vacuum stability condition. We have obtained the maximum cross-sections at two different center of mass energies to compare these processes between MSSM and 2HDM where we found several order discrepancies mentioned above. In addition the same channels are reproduced at e + e − and µ + µ − colliders separately to compare the total cross-section and mainly contributing Feynman diagrams in total cross-section in both models. We confirm that no sizable difference in cross sections found at both colliders.
The charged Higgs pair production will be treated as one of the golden channels for the discovery of charged Higgs if the Large Hadron Collider missed it. However, if a charged Higgs is observed at LHC in the coming years, this process would be not only the best candidate for the confirmation of LHC results at a linear collider but also will be an excellent tool to measure its properties more precisely. Since the charged Higgs pair production is observable with a cross section of more than 20 f b, such a large cross section would provide observable signals earlier than expected. More over this process is sensitive to the mass of neutral Higgs bosons which are involved in the s-channel Feynman diagrams, therefore it could be reflected as a hint for neutral heavy Higgs boson.
Whereas the triple Higgs (H + H − H 0 ) production at linear colliders followed by the charged Higgs decay to pair of τ ν and neutral Higgs decay to bb with the final state τ + τ − bbE miss T is considered to be the most suitable choice for electroweak background rejection using b-tagging tools, though 
